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GIAI TiICH

CHUONGV:  GIOI HAN
BAl1:  GIOI HAN CUA DAY SO

O Kién thire cin nhé:

1) Gidi han hitu han:

a) lim(un + vi) = limu, + limv, b) lim(un — Vva) = limun — limvn

. . i . u limu ot
c) lim(un.vn) = limun.limv, d) lim— =——>=" (néu limv,#0)

Vn n

e)Néu u, >0, vn valimu,=athi a>0 va limJu, =/a f) limku, = klimuy
Ddc biét:

1 .1 . o
a) lim==0 b) lim—-=0 véi k nguyén duong

n n

¢) Néu un = ¢ (c 1 hang s6) thi limu_=limc=c d) limg" = 0 néu || <12

Py 5 A X A gne A R u , .
2) Tong ciia cap so nhan lui vé han (Un) la:S =u, +U, +U, +...+ U, +...= 1 v |q| <1
—-q
3) Gioi han vé cuc:

£ q: s ——
a) Néu limu, = a va limvy = too thi im— =0
'

n

L. . . L. u
b) Néu limun, =a >0, limvy,=0vavy,>0, vn thi lim— =+

Vn
¢) Néu limun = +o0 va limv, = a > 0 thi limun.va = +o0
Dadac biét: )
a) limnk = +oo voi k nguyén duong b) limq" = +o néu q>1
% Bai tap

Bai 1: Tinh cac gidi han sau:

2 _ 3
a) lim 4n+1 b) Iim3n +2n 5 ¢) lim 2n +35n : 3

2n—7 -2n° +1 3n°—n
Bai 2: Tinh cac gidi han sau:
_ 3 2 _ _ 5 K2

) Iim(2 3n)’(n+1) b) lim n(2n-1)(3n—2) o li 4n° —n°+1

m
1-4n° (2n+1)(3-n)*(n* +2)
Bai 3: Tinh cac gidi han sau:

2n2 —2/n +8 . A9n*—n+1 . A/1+4n?

(7 -2n)®

a) lim b) lim c) lim

) —n?+3/n-7 ) ¥8n° -2 : 1-2n

Bai 4: Tinh cac gidi han sau:

2 lim2"> by fim 3 ) lims—4 *5 d) lim—C2 +3
n3 34" +1 3 +4"-5 (2" +3

Bai 5: Tinh céac gidi han sau:




Pé cwrong toan 11 — giira hoc ki II

- Trwong THPT Téan Chau — Tay Ninh

a) lim(vn*+2n-n+2)
Bai 6: Tinh cac gidi han sau:
1

Jn+2-vJn+1

Bai 7: Tinh cac gidi han sau:
a) lim(n® -2n” +3n-5)

Bai 8: Tinh cac gidi han sau:
3n*-2n+1

a) lim

b) lim('n® +n —+/n? +2)

Jn®+1-yn+1

3n+2

b) lim

b) lim(=3n* +2n°-1)

n®—4n+2

c) lim&n®+n* —n)

4n*+1-2n-1

Vn*+4n+1-n

c) lim(=n?+nvn +1)

c) lim

3n°-—n?+5n-7

a) lim b) lim c) lim
) 2n° -5 ) 2n° +5 ) 4n® +6n-2
Bai 9: Tinh cac gidi han sau:
2 2 _ _1\3
a) lim (n“+1) : b) Iim(n+1)(42 2n) o) lim (n2 1)°(n+1) :
n—4+2n n+3n° -1 (2n“+1)(3n+1)
Bai 10: Tinh cac gidi han sau:
_ 2 _ 2 _ 3 2
a) lim 6n-1 b)Iim3n J;n 5 0) lim n3+4rl 5 d) "mSn +32n +n
3n+2 2n° +1 3n°+n°+7 n°+4
. 2n+1 .2 -n+3 . n*+1
e) lim f) lim———— lim——
) n’+4n°+3 ) -3n*+2n+1 9) 2n* +n+1
Bai 11: Tinh cac gidi han sau:
4 _ 2 2 12
) lim n__ ) lim G2 (427, 20610
(n+D)(2+n)(n°+1) 1-7n°+10n @+n)(-2n+5)
Bai 12: Tinh cac gidi han sau:
4 3[n6 3
) Iim\/n 22n+3 b) lim n/n+2 0 Iim\/n 7n°-5n+8
-2n° +3 n°+nv2n+1 n+12
Bai 13: Tinh cac gidi han sau:
_ n_ n n n+l
) lim 22" b) lim>_—2 ¢) lim 2>+
3n.4 7+3.5" 25" +7"
n n+l n+l n+2 _ n n
d) lim 2> e) lim2—° " ) lim =23 *©
1-5" 5" +8" 2" (3" -5)

Bai 14: Tinh cac gidi han sau:

a) lim(v¥n>-n—n)
d) limEn-n®*+n+2)

b) lim(v'n> —n +n)

¢) lim(vn> —=n+3—-n)

e) lim(~/4n®> —3n+1-2n)

f) limvn+5(/2n+3—+/2n-1)

Bai 15: Tinh cac gidi han sau:

0) limEn®+2n°+1-n)

2 1 [~2
) lim—— pylim Y20 L=l
n+1-+/n’+2 n+1
> 3 3[4 3
d) lim 4n°+3-2n+1 &) lim n(¥4-n’+n)

Vn®+2n-n
Bai 16: Tinh cac gidi han sau:
a) lim(n®+2n* —n+1)

b) lim(—n’® +5n—-2)

Jan? +1-2n

lim Jn? —4n —+/4n? +1

Jon?+1-n

¢) lim(n* -=3n*+n-2)

cefeem
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Bai 17: Tinh cac gidi han sau:

and 3, 12
a) Iim(nz . 1) b) lim —n_—>N*+1 52” c) Iim—3n2 ol
n+ n- + n—n
Bai 18: Tinh cac gidi han sau:
a) lim 5 fn b) Iim—435n+ 2;7n ¢) lim 64'13 ;n7
- 5" -3. +
d) Ilm (n +1)2010(2n2 —l) e) Ilm 32n+l +4n +23n+2 f) Ilm (3n _1)(2n +3)
2n*? +7n -8 3.6"-5+4.9" 2.6"+3.4"

MMM MM A M AAM MMM

BAl22  GIOI HAN CUA HAM SO

[ Kién thire can nho:

* Gidgi han hivu han tai 1 diém:

a) Im[f(x)+g()] = lim 7 (x) + lim g(x) b) im[ £ (x) =g ()] = lim T (x) - lim g(x)
£ (%) lim f(x)
¢) im[ f (x).g(x)] = lim £ (x).lim g(x) d) lim— Q) _xoe s im g(x) 20
X—Xg X—Xg X=X, X—=%, g(x) )|(|_)|‘2 g(x) X—Xg
e) Néu fx) 20: im 769 = [im 79 ) !Lry|f(x)|=‘lerD f(x)‘

* Gidi han mt bén: lim f(x) = L < lim f(x) = lim f(x) =L
X—>Xq X—>Xg X—>Xg

* Gidi han hivu han tai vé cuwe:(cdch gidi twong tw nhw ddy so)

* Gidi han vo cye: ) lim f(X) =+ b) lim[-f(x)]=—o
X—>+00 X—>+00
*Pic biét: @) lim x* = +o0 véi k nguyén duong
X—>+0
b) lim x* = -0 néuk1asd 1é ¢) lim x* = +o0 néu k 1a s6 chin
X—>—0 X—>—00
Chay: a) limx=x, b) limc=c, c la hang s
X—Xg X—>Xg
: Y £ . C
c) limc=c,clahangso d) lim—=0
X—>to0 X—%0 ¥

* Quy tic tim gidi han:

, . . . . Dau f(%)
limf(x)=L | limg(x) | im[f(x).g(x)] limf(x)=L | Iimg(x) | cpq | lim—22
X—>Xg X—Xg X—Xg X—Xg X—Xg X X

9(x) % g(X)
Tuy
L>0 +00 +00 L +o0 y 0
—0 —0 L>0 + +00
L<0 £ — 0 " —=
—00 +00 L<0 —00
— +00
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% Bai tap

.. 2x* -3
Bai 1: Cho f(x) = Tim lim f (x)
3\/; x—3
Bai 2: Cho f(x) =5x3—2x + 7. Tim I|n_1 f(x)
Bai 3: Cho f(x) = ﬂ . Tim lim f(x)
X2 — X+ x—>-3
Bai 4: Tinh cac gidi han sau:
. 2x(x=3) 22X —x+1 : )
a) lim———= b) lim ——— c) lim(3x* —2v/x+5
)HZ x° +1 )H; 2x+3 )H4( Vx+5)
2 _ 3 _x?_
d)IimX +X-2 &) lim X +X—6 f)Im - X" =x+1
-1 x-1 -2 X2 —4 x> —3X+2
. 8-x° x* -1 L. x*-8
lim—— h) lim——— i) lim
g)X—+2x2—3x+2 ) im = X2+ X+2 )*ﬂ—x2+4
2
i) |imX2LX+10 k) lim 1 (L lj ) lim ( ! 3 j
x>2 X° +5X+6 X4,_,2x+1 X+1 X o 1-x 1-X%°
1-x° . —X*+5x-4 . X*—4x*+4x-3
m) lim————— n) lim— —— p) lim >
-1 x* +4x -5 x4 X—4 x—>3 X® —3X
q) lim 2x° =3x* +1
-1 3x° —5x* + x+1
Bai 5: Tinh cac gidi han sau:

2 IImz—\/4—x ) IimJ2x+2—J3x+1 o lim x+;/3—2x
x—0 x—1 X—-1 x>-3  X°+3x
d) I Jx+ -2 &) lim 3X—2—4x* —X— \ﬂ+2x 1

x—>2 ~/X+ -3 x—1 X —3x+2 x—>0
Bai 6: Tinh cac gidi han sau:
2 lim J1+x=31+x ) "m\/8x+211 JXx+7 ) lim— 2%

x—0 X xX—2 2X° —=5x+2 x—0 /9+X 3

3 2

) lim Jx+8-3 ) lim 1+>§ 1 f i fax-2

1 X2 +2X -3 x>0 X X4»2x —-3x+2
Bai 7: Tinh cac gidi han sau:

2 3 2

a)ﬁn12X §+1 b) lim 2€+4 ¢) lim 7—-3Xx—X

x>0 5y H—w3x X°—5 x>+ 3% 42X —1

Bai 8: Tinh cac gidi han sau:

2 —
VX2 +2x-15 b) i

2X—3

X2 42X + 3%

a) lim ) lim —
x—>—o X+5 o X 41— x
¢) lim YX+L d) lim

xoioe X2 4 X +1 > JAXE 41— X+ 2

Bai 9: Tinh céac gidi han sau:
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a) lim@x—+x*—x+1) b) I|m(2x 3-4x*—4x-3) ) I|m(2x 3—/4x* —4x-3)

X—>+00

Bai 10: Tinh cac gidi han sau:

a) lim(2x® —5x* +3x-1) b) lim (Vx* -5x* +1) c) lim (v3x* —2x+5)

X—>+o0

Bai 11: Tinh cac gidi han sau:

. 2x®-5x+3 x> —32 _ X=5x°+4x°
a) lim ———— b) lim 2 c) lim - —w—"—

x—>+0  AXT —4 X—>— ooX -16 X—> 400 (1_)()
Bai 12: Tinh cac gidi han sau:

2_
a) lim ox—7 b) lim 2x+1 ¢ lim X°—2x+3
UBX 2 x>1" 5 —5X x>(-3)"  X+3

d) lim 2=% &) lim —=X*+1 flim 24 ) lim X2

H(,%)— 2x+1 x>2" X+ 2 x>-1" X+ x> 1-X

2
Bai 13: Choham sé f(x) = 2 XS i 23X
5x+1 x—>9 ox+1
Bai 14: Tinh cac gidi han sau:
2

a) lim XX+ 2x by lim XDy im (7x-3-2x)

X2 5-2x x>23X° —X+2 H_é
Bai 15: Tinh cac gidi han sau:

2 2 2 3

a) lim 2= b) lim X TXF8 gy X4 gy i X PXH10

x>-2 X+ 2 x>-3 X" +3X x>2 X° —3X+2 x>-2 X° +2X

Bai 16: Tinh cac gidi han sau:

: 2 1 .1 3 1
a) lim| ——-——[b)lim +
- X =1 x-=1) "1 x-1\x+2 Xx-2

Bai 17: Tinh cac gidi han sau:

a)Im\/1+2x—1 b) lim X+2 C)"m\/x+3—3
x—0 2X x—>2 33— /4X+ x—6 X—06
x+8-3 V3X =2 —4x* —x -2 _ J5+x—-+/5-x
d) lim e) lim > f) lim
1 X2 +2X -3 x-1 X°—3X+2 x>0 X
Bai 18: Tinh cac gidi han sau:
\/8x+11 Jx+7 ) lim Jx+11-3/43+8x
i —-3X+2 x>2  2X*+3X—2
Bai 19: Tmh cac gidi han sau:
2 4 ny2 N2 (742
a) lim 4x x+§ b) lim 5X 3;( 2X+7 ¢) lim (x=1)°(7x 4+ 2)
x40 2 — 3X — X X—>—0 3X” —4x x>+e (2X+3)

Bai 20: Tinh cac gidi han sau:

VX2 42X+ 3+1+4x A2+ 2x +3x

a) lim b) lim c) lim m
ot JAXE +142—X o JAXE 41— X+ 2 o X+2

Bai 21: Tinh cac gidi han sau:

a) lim (Vx2—2x—-1—+/x*> —7x+3) b) XIirD>()(3x—\/x2—x+1)

X—>+0

T
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Bai 22: Tinh cac gidi han sau:

a) lim(x*—x*+x-1) b) lim (-2x° +3x* -5) c) lim /x* —2x+5

X—>+0

Bai 23: Tinh cac gidi han sau:

3 2 2

a) lim 3X 4x2+16 b) lim 4—x ¢) lim (2x 1)2(3x+5)

X—>—00 4—x x>+ X 4+ 2 X—>—00 5xc -3
Bai 24: Tinh cac gidi han sau:

2

D im2Z=L g im 22 g dim 328 g fim 22X

-1 x-=1 x>4 X—4 H[_;)* 4x+2 x>(-3)  2X+6

2

MMM MMM MMM MM MMM

BAl3:  HAM SO LIEN TUC
O Kién thirc cin nho:
1) Ham sé lién tuc tai I diém:
Cho y = f(x) xac dinh trén khoang K va xoeK.
a) Neu lim f (x) = f(X,) thi f(x) lién tuc tai xo.

b) Néu lim f(x) = f (X,) thi f(x) khong lién tuc tai xo hay f(x) gidn doan tai diém xo

2) Ham sé y = f (X) dwpe goi la lién tyc trén mpt khodng néu né lién tuc tai moi diém cua
khoang do.

3) Haim sé y = f (X) dwoc goi la lién tuc trén doan [a; b] néu no lién tuc trén khoang
(a;b) va lim f (x)=f(a) va lim f (x)= f (b).

x—at x—b~
4) Pinh Iy: Néu y = f(x) lién tuc trén doan [a; b] va f(a).f(b) < 0 thi ton tai it nht 1 diém ¢
saocho f(c) =0
% Bai tap

Bai 1: Xét tinh lién tuc ctiia cac ham so sau:

Jx -2 .
-8 . —— = khix=4
) F0)=dx_2 MX72 =2 b) f(x)={VX+5-3 tai xo = 4
12 khi x =2 g Khi x = 4
X —6X+8 . ) .
- 4 kh 2
c) f(X)=1 4-x° khlx¢2taixo:2 d)f(X)={)2( +1 kr:.xiztaiXOZZ
x+3  khix=2 X+L Khx=
Bai 2: Xét tinh lién tuc cta cac ham sd sau:
2 —_
vax+1=l yhivso XHIXZ8 iz -8
a) f(X)=9 x%—-x taixo=0 Db) f(x)= X+8 tai xo = -8
2 khi x=0 -9 khi x =-8
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X* -4

G khi x<0 27 Khix -~ —
0) f(x):{ _ tai xo = 0 d) F(x)=4 a2 XF2 ko= -2
1-Jx  khi x>0 4 Khix = —2
Bai 3: Xét tinh lién tuc ctia cic ham sb sau:
1-x khi x <3 | X—5 khi x>5
a) f(X)=<x2_-2x-3 chi 3t31x0=3 b) f(x)=4+v2x-1-3 tai xo = 5
6 2x x> (x=5)°+3 khi x<5
2 N. —
Xo6x+8 ixsn VX221
) f(X)=1x*-5x+6 taixo=2 d) f(X)=¢x*+x-2 tai xo = -1
2X+3 khi x =2 —X+3 khix<-1
2x% —2X .
.. .z ——— khix=#1 s en O
Bai 4: a) Chohamso f(x)=<1 x-1 . Xét tinh lién tuc cua ham so trén R.
5 khi x =1
X° —5x+4 .
.z — khix<1 _, ., . ... e X a
b) Cho ham so f(x) = X —1 . Xét tinh lién tuc ctia ham so trén R.
5-8x khi x >1
Bai 5:Tim a dé ham sd lién tuc:
V=Xl hixz0
a) f(x)= X tai xo = 0
2a+X khi x=0
X+ 2 khi x=1
b) f(x)=1 , , i taixo =1
X“+(@" -1)x-1 khix=1
IZXZNIEX i x<0
) f(x)= X tai xo = 0
a+2=X khix=0
X+ 2
X=X +2x-2 .
d) f(x)= 1 L1

3x+m khi x=1
Bai 6: Tim m dé ham sd lién tuc:

X3 +1 .
kh -1
a) f(xX)=< x+1 Hx< tai xo = -1
mx* —x+m? khi x>-1
VXH3NBL
b) f(x)= X—1 taixo=1
3mx + 2 khi x <1
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4x -1 khi x>-2
c) f(x)= , ] tai xo = -2
mx- +2x—1 khi x<-2
2X .
—— kh
d) f) =13 X0 =0
m khi x=0

Bai 7: Chirng minh rang

a) Phuong trinh x* + x3 — 3x? + x + 1 = 0 ¢6 nghiém thudc (-1; 1)

b) Phuong trinh X4 — 6x2 + 1 = 0 ¢6 2 nghiém thudc (-1; v/3)

¢) Phuong trinh X3 — 7X — 5 = 0 ¢6 it nhat hai nghiém

d) Phuong trinh 2x° — 7x2 + 3 = 0 ¢6 it nhat 3 nghiém nam trong khoang (-4; 3)
Bai 8: Xét tinh lién tuc ciia cic ham sb sau:

3 _ —
X =27 thix =3 . 17V2X=3 hixz2
a) f(xX)=19 3-x taixo =3 b) f(x)= 2_¥x tai xo = 2
=27 khi x =3 -1 khi x =2
VXFB 3 hix 21 K22 i xe 2
1-x C o S
c) f(x)= . taixo=1 d) f(X)=4x-+2 tai xo = /2
= khi x =1 242 khix=+2
X—_1khix<1 ) —VX+7_3khix¢2 '
e) f(x)=94/2-x-1 taixo=1 f) f(xX)=3 4-x2 tai X, =2
—2X khi x>1 —X+2 khi x =2
Bai 9: Xét tinh lién tuc ciia cic ham sb sau:
X*+5x+4 . XX +3x2+2X .
a) f(xX)=7 x*+1 khi x> -1 taixo=1 b) f(X)=4¢ x*+5x+6 khi x> =2 tai xo = -2
1 khi x<-1 X+4 khi x<-2
e S, NX+3-2 o
) f(X)=1{2—x-1 taixo=1 d) f(x)=4 X1 tai xo = 1
—2X khi x>1 %x khi x>1
Bai 10: Xét tinh lién tuc cta cac ham sd sau trén R:
XX —x—-2 .. x* +8 .
—— khix#2 ———  khix#-2
a) f(x)=1 x-2 ” b) f(X)=14x+8 7
5-X khi x =2 3 khi x =-2
3
x> +2x-3 Whi x =1 X;—)J:Z khi x = -1
¢) f(x)=4 x-1 d) f(x)=
4 khi x =1 — khi x =-1

Bai 11: Dinh a dé ham sd sau lién tuc:

---10---
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X=X 4+2X+2 ..

a) f(x)= 1 khi Xi_ltai =1
3Xx+a khi x =-1
—"8+2X_2 khi x#-2
b) f(x)= IX+2 tai xo = -2
3x+a’—a khix=-2
NZEXZ2 phixz2 M3EXZ2 il
Q) F)=4" x’_2a mixo=2 d) f(X)=4 x_1 tai xo = 1
a khi x=2 a+1 khi x=1
Bai 12:Pinh m dé ham sb sau lién tuc:
x> —3X+2 . - )
A ToRT e <
) f)=1 xozx MMX>2 iw=2 b f(x)={mx Il((::_lx_ztai)(o=2
mx+m+1 khix<2 (L=m)x khi x>2

Bai 13:Chung minh rang
a) Phuong trinh x* — 3x2 + 5X — 6 = 0 ¢6 it nhét 1 nghiém thudc (1; 2)
b) Phuong trinh X% — 5X — 1 = 0 ¢ it nhat 3 nghiém trén (-2; 3)
¢) Phuong trinh X3 + 3x% — 4x — 7 = 0 ¢6 nghiém nam trong khoang (-4; 0)
d) Phuong trinh X5 — 3x* + 5x — 2 = 0 ¢6 it nhat 3 nghiém nam trong khoang (-2; 5)
e) Phuong trinh x® — 5x% + 4x — 1 = 0 ¢6 it nhét 3 nghiém thudc khoang (-2; 2)
f) Phuong trinh x® + X — 1 = 0 ¢6 it nhat 1 nghiém thudc [-1; 1]
g) Phuong trinh x3 + 3x2 + 5x — 1 = 0 ¢6 it nhat 1 nghiém trén (0;1)
h) Phuong trinh X3 — 3x + 1 = 0 ¢6 3 nghiém phan biét
k) Phuong trinh X° — 3X — 1 = 0 ludn c6 nghiém trén (0; 3)
MMM AAAAAM MM MM VIV

—-11---
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HINH HQC

CHUONGIII:  VECTO TRONG KHONG GIAN - QUAN HE
VUONG GOC
BAI 1: VECTO TRONG KHONG GIAN

O Kién thire cin nhé:

I. CAC PINH NGHIiA

1. Phép cong vecto:

Qui tic ba diém: AB+BC = AC.

Qui tiic hinh binh hanh: Néu tir giac ABCD la hinh binh hanh thi AB+AD = AC.
Qui tac hinh hop:

Néu ABCD.A'B'C'D’ 1a hinh hop thi AC’ = AB+ AB+ AD + AA’.

2. Nhan mt s6 k véi mot vecto a:ka la mot vecto:

- Cung phuong voi a - Nguoc hudng voi a (néu k<0)
- Cling huéng véi a(néu k >0) - C6 do dai \ka\ = |k|.\5\ .
Tinh chit:

[J1 1a trung diém cia AB < IA+1B =0 < MA+MB =2MI ( M 12 mot diém bat ky trong
khong gian).

(G la trong tAm tam gidc ABC <> GA+GB+GC =0 < MA+MB+MC =3MG ( M Ia
mot diém bat ky trong khong gian).

3. Piéu kién cung phwong ciia hai vecto:

a cung phuong vai b<3IkeR:a=kb.

H¢ qua: A,B,C thing hang < 3k e R: AB=KAC <> 3z e R:zMA+(1-z)MB =MC.

II. SUPONG PHANG CUA CAC VECTO.

1. Pinh nghia: Ba vecto dugc goi 1a dong phang néu ching cling song song véi mot mit
phang.

2. Piéu kién dé ba vecto dong phing:

Pinh li 1: Cho ba vecto a,b,c trong do a,b 13 hai vecto khong cung phuong. Khi do:

Diéu kién can va du dé ba vecto a,b,c d6ng phang 1a c6 cac s6 thue m,n sao cho c=ma+nb
. Hon nita, cac s6 m,n 1a duy nhat.

H¢ qua: Cho vecto a,b,c khéng dong phang.

Néu m,n, p 1a céc sb thue va ma+nb+pc=0thi m=n=p=0.

3. Phén tich mt vecto theo ba vecto khong dong phing:

Pinh li 2: Néu a,b,c 1a ba vecto khong ddng phang thi véi vecto v bt ki, ta déu tim dugc

cac s& m,n, p sao cho v =ma-+nb+ pc. Hon nita cac s m,n, p 1a duy nhét.

-=-13---
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% Bai tap
Bai 1: Cho 6 diém A, B, C, D, E va F. Ching minh rang
a)@#ﬁ AC + DB b)ﬁ+@+§zﬁ+(¥+@
c)ﬁ+@+ﬁ AC +BF + DE d)ﬁ+ﬁ+(¥=ﬁ+ﬁ+(ﬁ
Bai 2: Cho 7diém A ,B,C,D,E,F,G. Ching mmhrang
a)AB+CD+EA CB + ED b)AD+BE+CF—AE+BF+CD

c) AB+ CD+ EF + GA = CB+ED+ GF
d)AB+FA+ CD+BC + EF +DE = 0
Bai 3: Cho hinh hop ABCD. EFGH. Chiing minh rang;

a) AB + AH +GC + FE = AD b) AB+ AD+AE+GH +GB = 0

Bagi 4: Cho hinh choup S. ABCD cou fiauy ABCD lag hinh binh hagnh taam O. Chéung minh
raeng:

a) SA+ SC=SB + SD. b) Tinh toang: SA + SB + SC +SD

Bai 5: Chimg minh rang hai tam giac ABC va AB'C’ c6 cung trong tdm khi va chi
AA'+BB'+CC'=0.

Bai 6: Cho tir dién ABCD. Goi M va N lan luot 1a trung diém cua AC va BD. Goi I 1a trung

diém MN va P 1a mot diém bat ki trong khong gian. Ching minh rang

a) IA+1B+IC+ID=0 b) PA+PB+PC+PD=4PI|

Bai 7: Cho hinh chép S.ABCD c6 day ABCD la hinh binh hanh tim O. Goi I 14 diém trén
doan SO sao cho SO =510 , P 1a mot diém bt ki trong khong gian. Chimg minh rang
a)@+ﬁ+@+ﬁ+6:6 b)ﬁé+ﬁ+@+P—C+ﬁ:5.ﬁ

Bai 8: Cho hinh hop ABCD.AB,C,D,. Chiing minh rang AC, + BD, = 2BC,
Bai 9: Cho tir dién ABCD..

a) X4c dinh diém E sao cho AE = AB+ AC + AD

b) Xac dinh diém F sao cho AF = AB+ AC — AD

Bai 10: Cho hinh 1ap phuong ABCD.A'B'C'D’.

a) X4c dinh diém M sao cho AE =2.AB+ AD

b) Xac dinh diém N sao cho AN = AB+B'C’'+ AD

Bai 11: Cho ti dién ABCD véi I 1a trung diém CD. Xéc dinh diém J sao cho
CA+DA+CB+DB=41J

Bai 12: Cho tir dién ABCD . Goi M va N lan luot 13 trung diém ctia AB va CD. Goi I 1a
trung diém MN va P 1a mot diém bat ki trong khong gian. Chimng minh rang
a)ﬁ+ﬁ=ﬁ+ﬁ=2w. b) IA+1B+I1C+1D=0.

c) PA+PB+PC+PD=4.PI.

-—-14---
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Bai 13: Cho hinh lang tru ABC.A'B'C’. Goi | la tdm cta hinh binh hanh AA'B'B; G va G’
1an luot 1a trong tAm cac tam giac ABC va A'B'C’. Ching minh GI/CG'.

Bai 14: Cho t& dién ABCD, E 1 trung diém cua AC, F 13 mot diém thuéc doan AB sao
cho FB =3FA

!

a) Xéc dinh giao diém G clia mat phang (DEF) véi duong thing BC va tinh ti s gC :

b) Goi H 1a trung diém cta DE, | 1a mot diém thudc doan DF sao cho DI = é DF . Chung

minh rang ba diém G,H, | thang hang.
Bai 15: Cho t& dién ABCD cd ABC la tam giac déu canh bang 2a, AD vudng goc véi AB
va AC, AD =a+/3.Goi E,F lan luot 1a trung diém cua cdc doan BC, AE . Chung minh AF
vudng goc véi CD. ‘ ‘ 7
Bai 16: Cho t&r dién déu ABCD canh bang a. Goi Ela diém thudc canh AB sao cho
AB =3AE, Fla mdt diém thudc canh CD sao cho CD = 4CF . Tiph do dai doan EF .
Bai 17: Cho tir dién ABCD. Goi M,N,P,Qla cic diém lan luot thudc cic canh
AB,BC,BD, DAsao cho MC =3MA, NC =2NB, BP =2PD,3QA =4QD . Ching minh bbn
diém M,N,P,Q dong phang.
Bai 18: Cho hinh tr dién ABCD; I,K lan lugt 1a trung diém cua céc canh AB,CD.
a) Goi (P)la mit phang chira BC va song song v6i AD. Chimng minh IK / (P).
b) Mot mat phang (Q)qua IK, cit BC tai E, cit ADtai F.Ching minh BA EF.CD dong
phéng. .
c) Néu IK L AB,IK L EF thi IK L EF tai Ova Ola trung diém EF .

0% | % | % | % | | | 0 v v

BAI 2: HAI PUONG THANG VUONG GOC
A Kién thirc cAn nho:

I. TICH VO HUONG CUA HAI VECTO
1. Goc giira hai vecto.

Trong KG cho hai vecto U va V. Tt mot diém A bat ky v& AB=u, AC =v. Khi d6 ta goi
g6c BAC trong mat phang (ABC) la goc gitra hai vecto U va v. Ki hiéu (ﬁ,\?) =BAC .
2. Tich v6 hwéng cia hai vecto: ab= ‘aHB‘.COS(é,B) véi a# 6,6 0.
3. Tinh chat:
0 ‘56‘ < \éHB\ Ding thirc xay ra khi va chi khi hai vecto a,b cung phuong.
Jalbeab=0, el =(a)"

2

"a(b+c)-ab+ac, (ab) =& +2aB+b.

=2

D(5+6)(5—6):52—b .
II. HAI PUONG THANG VUONG GOC
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1. Pinh nghia géc giira hai dwong thang: Goc giita hai duong thang a, b trong khong gian
1a goc giita hai dudng thang a’, b’ cung di qua mot diém O bét ki 1an luot song song voi a va
b. Ki hiéu: (a,b)=a(0°<a <90°).

2. Hai dwong thiang vudng goc: Hai duong thing a, b duoc goi 1a vudng gboc néu gbc giira
chung bang 90°. Ki hiéu a L b hoicb L a.

3. Nhan xét:

a) Néu u,v 1an luot 13 cic vecto chi phuong cua hai duong thing a, b va (l],\?) = thi goc

giita hai dudng thang a, b bang « néu 0° < <90° va bang 180°—a néu a > 90°.

b) Néu u,v 1an luot 13 cac vecto chi phuong cuia hai dudng thang a, bthi a Lb < uv=0.
¢) Cho hai duong thang song song. Néu c6 mot duong thang vudéng goéc véi mot trong hai
duong thang d6 thi no cing vudng goc voi duong thang con lai.

d) Trong KG hai duong thang vudng goc vdi nhau c6 thé cat nhau hoac chéo nhau.

% Bai tap

Bai 1: Cho tr dién déu ABCD c6 canh béng a. Goi K 1a trung diém cta canh AC. Hay tinh
céc tich vo huéng: AB.AC; AB.BD;BK.BC .
Bai 2: Cho hinh 1ap phuong ABCD.EFGH. Xac dinh goc gitra cac cap vecto sau day?
a) AB va EG b) AF va EG c) AB va DH
Bai 3: Cho hinh lang tru tam giac ABC.A'B'C’ ¢6 hai day 1a cac tam giac déu. Xac dinh goc
gilra cac cdp vecto sau day?
a) AB va B'C’ b) BC va AC’
Bai 4: Cho hinh hop ABCD.A'B'C'D’ ¢6 cac mit 1a hinh vudng canh a. Xac dinh goc gitra
cac cap vecto sau day?
a) BD va AD’ b) BC' va DA c) AB’ va DB’
Bai 5: Cho hinh 1ap phwong ABCD.A'B'C'D’.
a) Tinh goc gitta AB’ va BC’
b) Tinh goc gitta AC’ va CD’.
c) Goi M, N, P lan luot 1a trung diém cta cic canh AB, BC, C’D’. Tinh gbc gitta MN va
C’D’; BD va AD’.
Bai 6: Trong khong gian cho hai hinh vuéng ABCD va ABC’D’ ¢6 chung canh AB va nam
trong hai mat phang khac nhau, lan lugt c6 tam O va O’. Hay xac dinh goc gilra cdp vecto
AB va00'?
Bai 7: Cho tir dién ABCD. Chirng minh rang AB.CD + AC.DB + AD.BC =0.
Bai 8: Cho tir dién ABCD.
a) Chirng minh rang dicu kién can va da dé AB vudng goc vai CD |a:

AC’ - AD’ = BC*-BD?.
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b) Chirng minh ring néu AB L CD,BC L AD thi AC LBD.

Bai 9: Trong khong gian cho bbn diém O, A, B, C thoa man:

— — — - — s  ——\2 —— ——\2 ——  ——\2 N
OA+40B+20C =0 va (OA—OB) = (OB —oc) = (oc —OA) . Chémg minh ring OA
vudng goéc OC. 7

Bai 10: Cho tr dién ABCD c6 AB vudng goc voi CD. Mat phang (P) song song vdi AB va
CD lan luot cit BC, DB, AD, AC tai M, N, P, Q. Tt giac MNPQ 13 hinh gi?

Bai 11: Cho tir dién ABCD ¢ tat ca cac canh déu bang a. Goi I, J, K 1an luot 1a trung diém
cua cac canh BC, CA, AD.

a) Chimg minh rang tam giac IJK vudng can tai J.

b) Chirng minh ring AB vuéng goc véi CD.

Bai 12: Trong khong gian cho hai tam giac déu ABC va ABC' ¢6 chung canh AB va nim
trong hai mit phang khic nhau. Goi M\N,P,Qlan lwot 1a trung diém cia cac
canh AC,CB,BC',C'A. Chirng minh réng:

a) ABLCC’

b) Tu giac MNPQ 1a hinh chir nhat o
Bai 13: Cho hinh chép S.ABCD c6 day la hinh vuéng tam O. Bict rang SA =SB =SC =

SD. Chirng minh rang

a) AC LSD b) BD L SA.

Bai 14: Cho hinh chop S.ABC c¢6 SA=SB =SC va ASB = BSC =CSA. Chiing minh rang
SALBC,SB L AC,SC L AB.
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TRAC NGHIEM
Caul: Chodaysd (u,).Biét lim(u,—2)=0.Tinh L= limu,
A. L=0. B. L=+0. C.L=2. D.L=-2.
A . ~ e > e - _ > , T
Cau2: Chodaysd (u,),u, >0.Biét limu,=a>0.Tinh L XILTO\/I
A L=0. B. L=a’. C.L=a. D. L=+a.
Cau 3: Chon két qua sai
1 1 .1 .2
A. lim==0. B. lim==1. C. lim==0. D. lim—=0.
n n n n
Cau4: Tinh lim 5n+1_
3n+7
A.E. B.§. C.l. D.0.
7 3 7

2n-3_a voi & téi gian,a,beZ,b#0.Tinh b—-a
3n-2 b b

A. 5. B.

Ccau5: Biét lim

w|nN

C.1. D.-1.
Cau 6:  Gidi han cua ddy sb nao sau day bang 0?

M el el el

Cau7: Biét (u,), (v,) 1a hai day sb théa man limu, =-2 va limv, =5. Khi d6 lim[2u, +v, ]

bang
A 1l B.3. C.-1. D.2.

Cau8: Biét (u,), (v,) 1 hai day sb théa man lim(u, +v,)=2 va lim(u, —v,)=0. Khi d6
lim[2u, +v, ] bang

Al B.3. C.-1. D.2.
Cau9: Néu limu, =a>0,limv, =0,Vn.. Chon két qua ding

A lima = 4o B. lima = o, C. lim% —o. D. lim¥ — 4.
Vn Vn Vn Vn
Cau 10: Tinh Iim(n2—2n+1).
Al B. 0. C.—. D. 4.
Cau 11: Chon két qua sai
A. Iim(g) -0. B. |im(ij ~0.
3 J5
C. Iim(%j -0. D. lim(0,7)" =0.
Cau 12: Tinh lim+/4n®-3n+9.
A. 4. B. 2. C.3. D. 4.
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Céu 13:

Cau 14:

Cau 15:

Cau 16:

Cau 17:

Céau 18:

Céu 19:

Céu 20:

Céau 21:

Céau 22:

Céau 23:

Céau 24:

Céau 25:

Cho day s6 (un) ¢6 sO hang tong quat 1a u, = n’. Ké tir sb hang thir bao nhiéu tré di thi

U, 16n hon mot trigu?

A. 1000. B. 999. C.1001.
Tinh lim 2122
n.3"
A 2. B. 5. C.0.
Trong céac diy so sau, ddy s nao co giéi han vé han?
n®+1 n+1 n+1
A. Un = . U, = . n =2— .
2n+1 2n+1 2n° +1
Chon ménh dé sai?
A. lim> 0. B.lim(-3)" =+ . C.Iimz—ln:O :
n
Tinh lim X2,
x—>4 x—1
A. 3. B. 1. C. -5
Iimx—+1 bang bao nhiéu?
x>l X —2
A. —0, B. 1. C. +oo.
Tim gi4 tri m dé Iiml(mx2+3x—2m)=0
A . m=-3. B. m=-1. C.m=0
, x? — a2
Cho a 1a mot so thuc khac 0. Tinh lim
X—a X_a
A. 0. B. a. C.2a.
o 2% 43X a
Biét lim 2+3 =2 v6i 2 t4igian,a,b e Z,b £ 0. Tinh a* +b?
-0 3X“+X b b
A. 13. B. 10. C.9.
f(x)+1
Cho f(x)=x*-2x. Tinh lim (x)
x>l x—1
A. -1. B. 2. C.0.
lim x-2 bang bao nhiéu?
X—> X_
1
A —. B. 4. C.0.
4
Biét Iirgl5 \/;;j =a . Giai phuong trinh ax—6=0 ta c6 nghi¢m
X—> X_
A. x=0. B. x=5. C.x=3.
Két qua ctia gioi han lim —2x+1 la:
x->1" X —
A. E B. —©. C.l.
3 3

D.1002.
D.3.
n®+1
LU= )
n.n+1

D.lim2"" = +o0.

D.7.

D.+w.

D. 4.
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Cau 26: lim bang bao nhiéu?
x>0 3X + 2
A. 0. B. 1. C.+w. D.%.
Cau 27: Meénh dé nao dudi day sai?
A lim (4X° =7x+2) =+ B. lim (4x* —7x+2) =+
C. lim (4x* =7x%+2) = +o0. D. lim (4x* =7x° +2) = +o0 .
CA&u 28: C6 bao nhiéu gia tri nguyén clia tham sé m e [—4;4] dé lim (mx3+3x+ m)=+oo
A9 B. 4 C. 3. D.5.
. . X2 +2 khix <1
Cau29: Tim a déhamso f(x)= _ c6 gidi han tai x =1
2x* —x+a khix>1
A a=3 B.a=1 C.a=2. D.a=-2.
, X +2 khi x < 2
Cau 30: Cho hamso f(x)= _ .Tinh f(3)+ lim f(x)
2x? khix > 2 X2
A. 28 B. -8 C.18. D. 10.
3_ -
Caudl: Cho hamsé f(x)=1% 2 KMX<0 in ¢ (0)—tim ()
X khix >0 X0
A -1 B.3 C. -1. D. 2.
Cau32: Két qua cita gioi han lim - 1a:
x>\ 8X +3
A. —o. B.%. C.0. D. 4.
Cau 33: Ham s6 nao dudi day khong lién tuc tai x =27
2X+5 2 X
A. f(x)= . B. f(x)=——. C. f(x)=——-. D.
( ) X2_2 ( ) X_z ( ) X+2
11
()=
X—22
Cau 34: Ham s6 nao dudi day lién tyc tai x=2?
X+3 3 X
A. f(x)= . B. f(Xx)=——. C. f(x)=——. D.
(x) 2X—2 (x) 2x —2° (x) X—2
2
f(x): VxF+1 .
11x—22
Cau 35: Ham s6 nao dudi day khong lién trén R ?
2 2
A. f(x)=(x+1)". B. f(X)= . C. f(x)= . D
f (x)=sin(x-1).
Cau 36: Ham s6 ndo dudi day lién trén R ?
x—11
A. f(x)=+x-1. B. f(x)= .
(x) (x)="=
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C. f(x):?. D. f(x):(x—l)s.
, X4 ks -2 ‘
Cau 37: Chohamso f(x)=1 x+2 . Ménh dé nao sau day dung?
X—=3 khix=-2
A. Ham sf} lién tuc trén R . B. Ham sf} gian doan tai X=3.
C. Ham so0 gian doan tai x=-2. D. Ham so gian doan tai x=4.

Cau 38: Cho hamsé f (X) =x—1.Xét cac ménh dé sau:
Ménh déI: Him s f (X) lién tuc trén [1; +oo) )
Ménh dé IT: Ham s f (X) gian doan tai X =2
Ménh dé II: Ham so f () lién tuc tai x=0.

Trong cic ménh dé trén c6 bao nhiéu ménh dé ding?
A 0. B. 1. C. 2.

Cau 39: Chohamsé f(x) xéc dinh trén R va c6 d6 thi nhu hinh vé

Ham s6 f (X) khong lién tyc tai diém nao sau day?
A. X, =1. B. X, =2. C. x,=0.

Cau 40: Chohamsé f(x) c6 dd thi nhu hinh vé

D. 3.

D. X, =3.
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Trén [-2;2] ham s6 f (x) c6 bao nhiéu diém gian doan?
Al B. 2. C. x,=0. D. X, =3.

2x+1 khix>0

) ) , véi m 1a tham sé. Goi m, la gia tri ctia tham
X“+2m+1 khix<0

Cau 41: Cho ham sd f(X)z{

s6 m dé hamsb f(x) lién tuc tai x=0. Hoi m, thudc khoang nao dudi day?
A. (—E;—l) B. (5;1) C. (—i;ij. D. (12).
2" 4 2 4'2

A ) 2x -1 khi x = -2
Cau42: Chohamso f(x)=1 | g kh )
m? +mx — ix=-—

duogc dé ham sd lién tuc tai X =—2

. Tinh tong c4c gia tri ctia tham s6 m tim

A. —2. B. 2. C. -8. D. 3.
Cau 43: Cho hamsb f (X) lién tuc trén doan [1; 5] va f (1) =2, f (5) =10. Khing dinh nao sau
day dung?

A. Phuong trinh f (X)=6 vo nghiém.

C. Phuong trinh f (x

(x)=

B. Phuong trinh f (X) =7 ¢6 it nhat mot nghiém trén khoang (1; 5) ,
(Xx)=2 co hai nghiém x=1,x=5
(

D. Phuong trinh f (X)=7 v nghiém.

4x -1 khix >1

. , voi m 1a tham s. Tap hop tat ca cac gia tri
x*+mx+1 khix<1

Cau 44: Cho ham sd f(x):{

cua tham s6 M dé ham sé f () lién tuc trén tap xac dinh cla né la
A {-1-2}. B. {-12}. C. {12}. D. {1,-2}.

X khi x = 2

. . Tim gia tri cia tham s6 mtim duoc dé ham sd
mx—-8 khix=2

Cau 45: Cho ham s6 f(x):{

lién tuc tai X=2
A. m=5. B. m=3. C. m=0. D. m=2.
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Cau 46: Cho phuong trinh x* —4x® +1=0. Tim ménh dé sai trong cac ménh d& sau
A. Phuong trinh c6 it nhat mot nghiém trong (0;1) .

B. Phuong trinh v6 nghiém.
C. Phuong trinh c6 it nhat hai nghiém.
D. Phuong trinh c6 it nhat mot nghiém trong khoang (3;5).

Cau 47: Cho phuong trinh x* +3x* -2 =0. Tim ménh d¢ dving trong cdc ménh dé sau
A. Phuong trinh c6 nghiém trong (0;1).
B. Phuong trinh c6 nghiém trén khoang (1; 2)
C. Phuong trinh c6 nghiém thudc (—3; 0) :
D. Phuong trinh v6 nghiém

Cau 48: Phuong trinh 3x® +5x® +10 = 0¢6 nghiém thudc khoang nao sau day?

A (-2-1). B. (-10;-2). C.(0;1). D.(-10).
Cau 49: Cho hinh binh hanh ABCD . Chon khang dinh diing
A.E:2(E+E). B. AC=AB-AD.
C. AC =2 (AB+AD). D.AC = AB+AD.
Cau 50: Cho doan thang AB ¢6 I 1a trung diém.Khéang dinh nao sau day sai?
A. 1A=IB . B. IA=—IB . C. IA=1IB D. IA+1B=AB
Cau51: Cho tir dién ABCD. Khi d6 quy tic ba diém dugc phat biéu la:
A. AB+ AC = AD B. AB— AC = BC
C. AB+BC = AC D. AB+AC =BC.

Cau 52: Vecto co diém dau va diém cudi 1a cac dinh cua hinh lap phuong ABCD.A'B'C'D’va bang

vecto AD Ia:
A.AD . B. DA .C. DC D. AB

Cau 53: Cho hinh hop ABCD.EFGH . Chon khing dinh diing

A. AB+FG +CD + HE = 4EF . B. AB+FG +CD+HE =0.

C. AB+FG+CD+HE = AG. D. AB+FG+CD+HE =BC.
Cau 54: Cho tir dién ABCD . Goi G la trong tam tam giac ABC . Chon khéng dinh dung

A. DA+ DB+ DC =DG. B. ﬁ+ﬁ+D—C=%D—G.

C. DA+DB+DC =3DG. D. DA+ DB+DC =3GD.
Cau 55: Cho tir dién ABCD. Chon khang dinh ding

A. AC+BD=AD+BC. B. AC+BD=0.

C. AC+BD=AD+BC. D. AC+BD=AD+BC.

Cau 56: Cho hinh ling tru ABCDEF.A'B'C'D’E'F’, hai day 1a hai hinh luc giac déu ABCDEF
A'B'C'D'E'F’ ¢ tdm lan lugt 1a O va O’ nhu hinh v& bén duéi
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C6 bao nhiéu vecto bang AB c6 diém dau va diém cudi tir cac diém da cho trong hinh
lang try trén?

A 6. B. 7. C.8. D. 9.

Cau 57:

Céau 58:

Céau 59:

Céau 60:

Trong khong gian, cho cdc ménh dé sau, ménh dé nao 1a ménh dé dtng?

A. Mot duong thang vudng goc voi mot trong hai duong thang vudng goc thi song song
v6i dudng thang con lai.

B. Hai dudng thang cing vudng goc véi mot duong thang thir ba thi song song v6i nhau.

C. Mot dudng thang vudng goc véi mot trong hai dudng thang song song thi vuéng goc
v6i dudng thang con lai.

D. Hai duong thang cing vudng goc véi mot dudng thang thir ba thi vudng goc véi nhau.

Trong khong gian cho dudng thang A va diém O. Qua O c6 may duong thang vudng goc

vai A?

A. 1. B. 3. C. Vo sb. D. 2.

Chon khang dinh diing trong cac khing dinh sau:

A. Trong khong gian hai duong thang phan biét cing vudng goc v6i mot duong thang thi
song song v&i nhau.

B. Trong khong gian hai dudng thing vudng goc véi nhau c6 thé cit nhau hodc chéo
nhau.

C. Trong khong gian hai mit phang cing vudng goc vi mot duong thang thi song song
v61 nhau.

D. Trong khong gian hai dudng thang khong c6 diém chung thi song song véi nhau.

Cho hinh I4p phuong ABCD.AB,C,D,. Hay xac dinh goc giita cip vecto AB vaDD, ?
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A i
B : o
AT D,
_B]_ ':_1'1
A. 45° B. 90° C. 120° D. 60°

Cau 61: Cho hinh lang truy ABC.A'B'C’.

Vecto nao sau day 1a vec to chi phuong ctia dwong thang BC ?

A. BC'. B. BA. C. BC. D. BA.
Cau 62: Cho hinh lap phuong ABCD.A'B'C'D’ . Géc giira hai duong thang AC va A'D bang
A’ B’
o/ | c
,'{ A'i-\ --------------------- » B
R e
A.45°, B.30°. C.60°. D.90°.

Cau 63: Cho hinh 1ap phuong ABCD.A'B'C'D’, khi d6 goc giita hai duong thang BD, A'C' bang:
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I

A.90°. B. 30°. C. 60° D. 45°.
Cau 64: Cho hinh chop tir giac déu c6 tat ca cac canh déu bang a. Tinh goc tao boi SA va CD.

A.30°. D.60°.
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